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We study the proximity effect in SF��AF�F�S and SF��F�F�S planar junctions, where S is a clean conven-
tional �s-wave� superconductor, while F� and middle layers are clean or moderately diffusive ferromagnets.
Middle layers consist of two equal ferromagnets with antiparallel �AF� or parallel �F� magnetizations that are
not collinear with magnetizations in the neighboring F� layers. We use fully self-consistent numerical solutions
of the Eilenberger equations to calculate the superconducting pair amplitudes and the Josephson current for
arbitrary thickness of ferromagnetic layers and the angle between in-plane magnetizations. For moderate
disorder in ferromagnets, the triplet proximity effect is practically the same for AF and F structures, like in the
dirty limit. Triplet Josephson current is dominant for d���vF /2h�, where d� is the F� layer thickness and h�
is the exchange energy. Our results are in a qualitative agreement with the recent experimental observations
�T. S. Khaire, M. A. Khasawneh, W. P. Pratt, and N. O. Birge, Phys. Rev. Lett. 104, 137002 �2010��.
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In hybrid systems containing superconducting and ferro-
magnetic metals, triplet correlations are induced.1–4 In the
case of homogeneous magnetization, the triplet pair ampli-
tude has zero total spin projection on the magnetization axis:
Ft0�t− t����↑�t�↓ �t���+ �↓�t��↑ �t��. For equal time t= t�, this
function vanishes, in agreement with the Pauli principle.
Therefore, Ft0 is an odd function of the time difference or
equivalently, odd in frequency. The exchange field mixes the
usual spin singlet pairing correlations, Fs��↑↓�− �↓↑�, and
the spin triplet Ft0 because the wave functions �↑↓� and �↓↑�
acquire relative phase difference in the ferromagnet.5

Amplitudes Fs and Ft0 are short-ranged and oscillate spa-
tially in the ferromagnet, both in the clean and the dirty
limit.3 In the clean limit, they decay algebraically in the fer-
romagnet with �vF /h, where h is the exchange energy and vF
is the Fermi velocity. In the dirty limit, they decay exponen-
tially with the characteristic length 	�D /h, where D=vFl /3
is the diffusion coefficient and l is the electron mean-free
path in the ferromagnet. However, this is not true for the
clean single-channel junctions where all pairing correlations
are long ranged and their spatial decay in the ferromagnet is
independent of the exchange field.4

The situation is quite different for inhomogeneous mag-
netization: not only Fs and Ft0 amplitudes exist but also odd
triplet pair amplitude Ft1 with �1 total spin projection on the
magnetization axis emerges in the ferromagnet.1–3 The triplet
component Ft1 is not suppressed by exchange interaction and
penetrates into the ferromagnet over large distance on the
order of 	�D /kBT in the dirty limit �l��vF /h�, and,
likewise, over the distance �vF /kBT in the clean limit
�l��vF /kBT�.

It is not difficult to understand why Ft1 triplet component
is induced in inhomogeneous ferromagnets. Consider a sys-
tem where inhomogeneity is represented by two ferromag-
netic layers with noncollinear magnetizations and angle �
between them. As we have already pointed out, in each fer-
romagnetic layer the exchange field generates Ft0 from Fs.
When Ft0 correlation penetrates into neighboring ferromag-
netic layer it mixes with Ft1 having nonzero total spin pro-
jection due to different orientation of magnetizations. This

implies that Ft1 triplet component is generated in the pres-
ence of inhomogeneous magnetization and is proportional to
Ft0 sin � at the interface between two ferromagnetic layers.
Therefore, for fully developed triplet proximity effect one of
two layers should be sufficiently thin to provide large Ft0 at
the interface between the layers.6,7

Another possibility for dominant long-range triplet com-
ponent was suggested in Refs. 8–10. In that approach, the
role of thin ferromagnetic layers is replaced by spin active
interfaces described by scattering matrix. The elements of
the scattering matrix can be considered as phenomenological
parameters. Purely microscopic approach that retains quasi-
particle information at the atomic scale, with spin-dependent
scattering potentials at the interfaces, was considered in Ref.
11.

Besides the impact on the Josephson current, another sig-
nature of odd-frequency triplet pair correlations has been
proposed recently. The density of states in the presence of
the odd-frequency pairing is enhanced and acquires a zero-
energy peak.12,13

Experimental results that may support the existence of
long-range triplet amplitudes have already been
obtained.14–16 However, in these experiments it was not pos-
sible to tune the junction parameters, and the transition from
usual singlet to long-range triplet proximity effect has not
been observed.

Quite recently, long-range triplet proximity effect has
been observed in SF��AF�F�S junctions with F� layer thick-
ness as a controllable parameter.17 Here F� is a weak ferro-
magnetic layer �PdNi or CuNi� and AF is synthetic antifer-
romagnet: an exchange-coupled trilayer Co/Ru/Co.
Previously, a similar arrangement �with homogeneous
middle layer F� has been analyzed theoretically and proposed
as a good candidate for the long-range triplet effect.7,13

Junctions with F and AF middle layers were analyzed
recently for the case when F� layer thickness is much smaller
than 	�D /h�.18 However, within this approximation the trip-
let component is not dominant and consequently results are
not applicable to the experiment �Ref. 17�. More interesting
case was considered by the same authors, when F� layer
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thickness is arbitrary but the middle layer is homogeneous,
as in Ref. 7. In the dirty limit �and moderately disordered
ferromagnets as we will show�, results are practically the
same for F and AF structures of the middle layer. The situa-
tion is different for the case of clean ferromagnets.

In this Rapid Communication, we study the proximity ef-
fect in clean or moderately diffusive SF��AF�F�S and
SF��F�F�S planar junctions, where S is a conventional
�s-wave� superconductor, F� and middle layers are ferromag-
nets. Middle layer consists of two equal ferromagnets with
parallel �F� or antiparallel �AF� magnetizations, and magne-
tizations in F� layers are not collinear in general with mag-
netizations in the neighboring layers.

To calculate the Josephson current and pair correlations in
the clean limit and for moderately diffusive ferromagnets, we
use the Eilenberger equations19 for a junction along the x
axis,

�vx�xǧ + ��n�̂3 − iV̌ + 	̌ + �
ǧ�/2�, ǧ� = 0 �1�

with normalization condition ǧ2= 1̌. Disorder is characterized
by the average time �= l /vF between scattering on impuri-

ties. We indicate by ¯̂ and ¯̌ 2
2 and 4
4 matrices,
respectively. Here, � is an angle between the Fermi velocity
and the x axis, �̂i are the Pauli matrices in the particle-hole
space, the brackets 
¯ � denote angular averaging over the
Fermi surface �integration over �� and �¯ � denotes a com-
mutator. The quasiclassical Green’s functions,

ǧ = � gs + gt · �̂ �fs + ft · �̂�i�̂y

− � f̃ s + f̃t · �̂��i�̂y − �gs + gt · �̂��
� , �2�

where �̂= ��̂x , �̂y , �̂z� are the Pauli matrices in spin space.
With this parametrization,9 it is clear that under rotation of
magnetizations gs and fs remain unchanged while gt
and ft transform like ordinary vectors. The conjugate

Green’s functions satisfy f̃ s��n�= fs
��−�n� and

f̃t��n�=−ft
��−�n�.20 The exchange field term is given by V̌

=Re�h�x� · �̂�+ i�̂3 Im�h�x� · �̂� and the pair potential

	̌= ��̂+	+ �̂−	���̂y, �̂�= �̂x� i�̂y. The exchange field h has the
following x dependence:

h = 
h��− sin �y + cos �z� − d − d� � x � − d

hz − d  x � 0

�hz 0  x � d

h��sin �y + cos �z� d  x � d + d�,
� �3�

where d� and 2d are F� and �F� or �AF� layer thickness,
respectively. The angle between magnetizations in F� and
neighboring ferromagnetic layers is �, the plus �minus� sign
is for F �AF� middle layer. In the absence of out-of-plane
magnetization, the amplitude �ft�x=0.

The supercurrent flowing through the junction is given by
the normal Green’s function,

I��� = �eN�0�SkBT Im �
�n


vxgs�vx�� , �4�

where � is the macroscopic phase difference across the junc-
tion, N�0� is the density of states per spin at the Fermi sur-

face, and S is the area of the junction. Equal-time pair am-
plitudes are defined in terms of anomalous Green’s functions
as

Fs = − i�N�0�kBT�
�n


fs� , �5�

Ft0
� = �N�0�kBT �

�n�0

�ft�z� , �6�

Ft1
� = − i�N�0�kBT �

�n�0

�ft�y� . �7�

Equal-time triplet amplitudes identically vanish according to
the Pauli principle, hence we defined auxiliary functions us-
ing summation over negative frequencies only. The spatial
variation of the time-dependent triplet pair amplitudes is
qualitatively the same as for auxiliary functions.

We consider the case of fully transparent interfaces,
i.e., strong proximity effect. The opposite case of low
transparency was considered in Ref. 18. Using continuity of
the Green’s functions at interfaces, Eq. �1� is solved itera-
tively with the self-consistency condition 	=�Fs. Iterations
are performed until self-consistency is reached, starting from
the stepwise approximation for the pair potential
	=	�T��e−i�/2��−x−d−d��+ei�/2��x−d−d���. The tem-
perature dependence of the bulk pair potential is given by
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FIG. 1. �Color online� Spatial dependence of singlet and triplet
pair amplitudes Fs, Ft0

�, and Ft1
�, normalized to the bulk singlet

amplitude Fsb, for T /Tc=0.1, h� /EF=0.05, h /EF=0.1, 2d=500kF
−1,

d�=20kF
−1, �=� /2 and two values of the mean-free path: l=�

�dashed curves� and l=200kF
−1 �solid curves�. All amplitudes are

calculated for the ground state, �=0. The SF��AF�F�S junction
geometry is shown in the background; arrows and circles show
orientation of magnetizations for each layer.
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	�T�=	�0�tanh�1.74	Tc /T−1�. For arbitrary mean-free path
in ferromagnets, we employ the iterative procedure starting
from the clean limit.

Figure 1 shows the spatial variation of the pair amplitudes
for the SF��AF�F�S junction geometry with magnetizations
in F� layers orthogonal to the neighboring middle layers,
�=� /2. In this case, the 0 state is the ground state. Transi-
tion to the � state can be tuned with relative orientation of
magnetizations in F� layers �� state is the ground state for
parallel magnetizations in the two F� layers�. For corre-
sponding SF��F�F�S junctions, pair amplitudes are practi-
cally the same. For �=0, the singlet and the long-range trip-
let amplitudes, Fs and Ft1, are real while the short-range
triplet amplitude Ft0 is imaginary.

The F� layer thickness d�=20kF
−1 is chosen to give the

maximum triplet current for moderate disorder in ferromag-
nets �l=200kF

−1�. This explains the large difference between
amplitudes of the long-range triplet component in the clean
and moderately disordered case, Fig. 1.

We observe oscillatory decay of Fs and Ft0
� amplitudes,

dependent on the exchange field. In contrast, long-range trip-
let component, Ft1

�, is monotonic in the middle layer and its
decay length is independent of the exchange field magnitude.
Thin F� layers are considered as weak ferromagnets,
h� /EF=0.05, and thick middle layers, 2d=500kF

−1, represent
strong ferromagnets. For illustration of pair amplitudes,
h /EF=0.1 is used in order to have larger period of spatial
oscillations, although h /EF=0.3 is used in other illustrations.
All amplitudes are normalized to the bulk singlet pair ampli-
tude Fsb=2�N�0�kBT��n

	 /	�n
2+	2.

Next we examine the Josephson critical current depen-
dence on F� layer thickness. This quantity is actually mea-
sured in the experiment.17 Figure 2 illustrates IC�d��, normal-
ized to the resistance RN=2�2� /Se2kF

2 , for three types of
junctions: SF��F�F�S, SF��F�F�S, and SNS, where N is the
corresponding normal nonmagnetic metal �h=h�=0�. Here,
we take mean-free path l=200kF

−1 in ferromagnetic and N
metals.

In the clean limit, IC�d�� curves for SF��AF�F�S and the

corresponding SNS junctions coincide5 while in the dirty
limit, IC�d�� curves for SF��AF�F�S and SF��F�F�S curves
are practically the same.18 For intermediate disorder in fer-
romagnets, the critical current is always larger in
SF��AF�F�S than SF��F�F�S junctions, Fig. 2.

We find for moderate disorder in ferromagnets that the
largest critical current is almost as big as for the correspond-
ing SNS junction. Note that in the dirty limit, maximum
triplet critical current is only 12% of the critical current of
the corresponding SNS junction.18 The position of maxima
of IC�d�� strongly depends on h�, dmax� ��vF /2h�. It is prac-
tically independent of h and d, in agreement with the results
of Ref. 18.

The critical Josephson current dependence on the middle
layer thickness is shown in Fig. 3. The F� layer thickness is
set to dmax� =20kF

−1. We consider IC dependence on 2d for two
values of misorientation angle: �=� /2 �fully developed trip-
let proximity effect, solid lines� and �=0 �no long-range
triplet component, dashed line�. For thick middle layer,
2d=600kF

−1, in both AF and F geometries, IC is an order of
magnitude larger when the triplet component Ft1 is present.
These results, Figs. 2 and 3, are in a qualitative agreement
with experimental observation.17

The current-phase relation is almost harmonic for a mod-
erately disordered SF��AF�F�S junction �l=200kF

−1�, Fig. 4.
Here, the F� layer thickness is optimal for long-range triplet
Josephson effect, i.e., the usual singlet Josephson critical cur-
rent is an order of magnitude smaller. For the in-plane mag-
netizations considered here, we did not find any unusual I���
dependence, in agreement with Refs. 7 and 18.

However, we expect unusual I��� dependence for the
samples used in the experiment �Ref. 17�. Supercurrent could
be observed even for �=0, if one takes into account the
possibility of inhomogeneous out-of-plane magnetizations in
PdNi layers and the fact that transport properties of the mi-
nority and majority electrons at the Fermi surface in Co lay-
ers are very different. Quasiclassical approximation we used
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FIG. 2. �Color online� Dependence of the Josephson critical
current on the F� ferromagnetic layer thickness d�, for 2d=500kF

−1,
T /Tc=0.1, h� /EF=0.05, h /EF=0.3, l=200kF

−1, and for three types
of junctions: SNS, SF��AF�F�S, and SF��F�F�S.
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FIG. 3. Dependence of the Josephson critical current on the
middle layer thickness 2d, for d�=20kF

−1, T /Tc=0.1, h� /EF=0.05,
h /EF=0.3, l=200kF

−1, and for two values of the misorientation
angle: �=� /2 �thick and thin solid lines for AF and F structures�
and for �=0 �AF structure, dashed line�. Arrows and circles show
orientation of magnetizations in ferromagnetic layers.
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here does not allow for the latter possibility; this is the prin-
cipal limitation of our approach.

A new long-range triplet component, �ft�x= �f↑↑− f↓↓� /2, is
generated in the case of nonzero relative longitude angle �

between magnetizations in two F� layers �i.e., inhomoge-
neous out-of-plane magnetization�. This can be readily seen
from Eq. �1� for �ft�x component. The presence of �ft�x im-
plies different triplet Josephson current flow for majority �I↑�
and minority �I↓� electrons. In the circuit theory
approximation,13 it was obtained that I↑,↓=C↑,↓ sin�����,
where C↑,↓ are proportional to densities of states and Fermi
velocities. Although the case of very different Fermi veloci-
ties of the subbands is not accessible within the circuit theory
approximation, it is reasonable to assume that similar
current-phase relations are valid. Consequently, there is a
finite supercurrent at zero phase difference, as was predicted
for the half-metallic middle layer.13

It would be very interesting to measure the I��� depen-
dence for the samples used in the experiment �Ref. 17� since
the out-of-plane magnetizations in thin PdNi layers are their
typical feature.21 A nonzero supercurrent for �=0 could pro-
vide an unambiguous evidence of the triplet proximity effect.

We acknowledge useful discussions with Norman Birge,
Marco Aprili, Ivana Petković, Mihajlo Vanević, and Ivan Bo-
žović. The work was supported by the Serbian Ministry of
Science, Project No. 141014.

1 F. S. Bergeret, A. F. Volkov, and K. B. Efetov, Phys. Rev. Lett.
86, 4096 �2001�.

2 A. F. Volkov, F. S. Bergeret, and K. B. Efetov, Phys. Rev. Lett.
90, 117006 �2003�.

3 F. S. Bergeret, A. F. Volkov, and K. B. Efetov, Rev. Mod. Phys.
77, 1321 �2005�.

4 A. I. Buzdin, Rev. Mod. Phys. 77, 935 �2005�.
5 Y. M. Blanter and F. W. J. Hekking, Phys. Rev. B 69, 024525

�2004�.
6 A. F. Volkov and K. B. Efetov, Phys. Rev. B 78, 024519 �2008�.
7 M. Houzet and A. I. Buzdin, Phys. Rev. B 76, 060504�R�

�2007�.
8 M. Eschrig, J. Kopu, J. C. Cuevas, and G. Schön, Phys. Rev.

Lett. 90, 137003 �2003�.
9 M. Eschrig and T. Löfwander, Nat. Phys. 4, 138 �2008�.

10 Y. Asano, Y. Sawa, Y. Tanaka, and A. A. Golubov, Phys. Rev. B
76, 224525 �2007�.

11 K. Halterman and O. T. Valls, Phys. Rev. B 80, 104502 �2009�.
12 T. Yokoyama, Y. Tanaka, and A. A. Golubov, Phys. Rev. B 75,

134510 �2007�; T. Yokoyama and Y. Tserkovnyak, ibid. 80,
104416 �2009�.

13 V. Braude and Y. V. Nazarov, Phys. Rev. Lett. 98, 077003
�2007�.

14 I. Sosnin, H. Cho, V. T. Petrashov, and A. F. Volkov, Phys. Rev.
Lett. 96, 157002 �2006�.

15 R. S. Keizer, S. T. B. Goennenwein, T. M. Klapwijk, G. Miao, G.
Xiao, and A. Gupta, Nature �London� 439, 825 �2006�.

16 M. S. Anwar, M. Hesselberth, M. Porcu, and J. Aarts,
arXiv:1003.4446 �unpublished�.

17 T. S. Khaire, M. A. Khasawneh, W. P. Pratt, and N. O. Birge,
Phys. Rev. Lett. 104, 137002 �2010�.

18 A. F. Volkov and K. B. Efetov, Phys. Rev. B 81, 144522 �2010�.
19 G. Eilenberger, Z. Phys. 214, 195 �1968�.
20 M. Eschrig, T. Löfwander, T. Champel, J. Cuevas, J. Kopu, and

G. Schön, J. Low Temp. Phys. 147, 457 �2007�.
21 I. Petković, M. Aprili, S. E. Barnes, F. Beuneu, and S. Maekawa,

Phys. Rev. B 80, 220502�R� �2009�.

0 0.2 0.4 0.6 0.8 1
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07
eR

N
I
(φ

)/
π
∆

(0
)

φ/π

FIG. 4. The current-phase relation I��� for SF��AF�F�S junc-
tion: d�=20kF

−1, 2d=600kF
−1, T /Tc=0.1, h� /EF=0.05, h /EF=0.3,

l=200kF
−1, and �=� /2.

LUKA TRIFUNOVIC AND ZORAN RADOVIĆ PHYSICAL REVIEW B 82, 020505�R� �2010�

RAPID COMMUNICATIONS

020505-4

http://dx.doi.org/10.1103/PhysRevLett.86.4096
http://dx.doi.org/10.1103/PhysRevLett.86.4096
http://dx.doi.org/10.1103/PhysRevLett.90.117006
http://dx.doi.org/10.1103/PhysRevLett.90.117006
http://dx.doi.org/10.1103/RevModPhys.77.1321
http://dx.doi.org/10.1103/RevModPhys.77.1321
http://dx.doi.org/10.1103/RevModPhys.77.935
http://dx.doi.org/10.1103/PhysRevB.69.024525
http://dx.doi.org/10.1103/PhysRevB.69.024525
http://dx.doi.org/10.1103/PhysRevB.78.024519
http://dx.doi.org/10.1103/PhysRevB.76.060504
http://dx.doi.org/10.1103/PhysRevB.76.060504
http://dx.doi.org/10.1103/PhysRevLett.90.137003
http://dx.doi.org/10.1103/PhysRevLett.90.137003
http://dx.doi.org/10.1038/nphys831
http://dx.doi.org/10.1103/PhysRevB.76.224525
http://dx.doi.org/10.1103/PhysRevB.76.224525
http://dx.doi.org/10.1103/PhysRevB.80.104502
http://dx.doi.org/10.1103/PhysRevB.75.134510
http://dx.doi.org/10.1103/PhysRevB.75.134510
http://dx.doi.org/10.1103/PhysRevB.80.104416
http://dx.doi.org/10.1103/PhysRevB.80.104416
http://dx.doi.org/10.1103/PhysRevLett.98.077003
http://dx.doi.org/10.1103/PhysRevLett.98.077003
http://dx.doi.org/10.1103/PhysRevLett.96.157002
http://dx.doi.org/10.1103/PhysRevLett.96.157002
http://dx.doi.org/10.1038/nature04499
http://arXiv.org/abs/arXiv:1003.4446
http://dx.doi.org/10.1103/PhysRevLett.104.137002
http://dx.doi.org/10.1103/PhysRevB.81.144522
http://dx.doi.org/10.1007/BF01379803
http://dx.doi.org/10.1007/s10909-007-9329-6
http://dx.doi.org/10.1103/PhysRevB.80.220502

